Abstract. The minimal degeneration singularities in the affine Grassmannians of simple simply-laced algebraic groups are determined to be either Kleinian singularities of type A, or closures of minimal orbits in nilpotent cones. The singularities for non-simply-laced types are studied by intersection cohomology and equivariant Chow group methods.
1. Introduction 1.1. In the early 1980s H. Kraft and C. Procesi [9] classified the minimal degeneration singularities in the nilpotent cones of classical Lie algebras stratified by the adjoint orbits. We say that a pair of strata O, O ′ in a variety stratified by orbits of an algebraic group is a minimal degeneration if O ⊂ O ′ , and if
The normal singularities of this sort turn out to be smoothly equivalent to either Kleinian singularities of type A and D, or the closures of minimal orbits. A similar problem for some flag varieties was more recently investigated by M. Brion and P. Polo [4] .
1.2. In this paper we study the minimal degeneration singularities for the G[ [z] ]-orbits in the affine Grassmannians. More precisely, let G be a simple finite dimensional algebraic group over an algebraically closed field k of characteristic 0, and let G G be the affine Grassmannian of G. Using a Levi subgroup technique we obtain the following.
Theorem A. If G is of simply-laced type, then all singularities of the minimal degeneration singularities of G[[z]]-orbits in G G are either Kleinian singularities of type A or minimal singularities (closures of the minimal nilpotent orbits) of types corresponding to Dynkin subdiagrams of the Dynkin diagram of G.
1.5. The paper is organized as follows. After introducing our notation and conventions in the Section 2, we prove a "Levi Lemma" dealing with the action of the loop group of a Levi subgroup of G on G G in the Section 3.
In Section 4 we cite a crucial result of J. Stembrige [22] describing the minimal degeneration of coweights indexing the G(O)-orbits.
We then apply the Levi Lemma to describe some minimal degeneration singularities and prove Theorem A in the Section 5.
Calculations of intersection cohomology dimensions in the Section 6 give us some information on the rational smoothness of our singularities.
In Section 7 we study the singularities appearing in the rank 2 cases by methods of [11, 3] .
Finally, we deduce Corollary B in the section 8. 2.1.1. Let G be a simple finite dimensional algebraic group defined over an algebraically closed field k of characteristic 0. Let us fix a Borel subgroup and a maximal torus T ⊂ B ⊂ G. We will introduce the following notation and conventions: (2.1.1) P ⊂ G is a paprabolic subgroup containing B. (2.1.2) L P = P/N P is the Levi quotient of P by its nilpotent radical
group. We will consider M as a subgroup of G. (2.1.4) I is the set of vertices of the Dynkin diagram associated to G. The simple roots of the corresponding root system are denoted by α i for i ∈ I, and the simple coroots byα i for i ∈ I. (2.1.5) Q G is the coroot lattice of G and Q
≥0
G is the nonnegative cone in Q G . (2.1.6) Λ G is the coweight lattice of G. The fundamental coweights are denoted byω i for i ∈ I. The partial order on the set of coweights: µ ≥ λ if and
2.1.2. From now on we will assume that the parabolic P is associated to a connected Dynkin subdiagram of the Dynkin diagram of G. Then M is a simple group of type described by this Dynkin subdiagram. We will denote the set of vertices of the subdiagram by I M . We need some more notation:
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We denote:
2.2. Affine Grassmanians.
] be the ring of formal power series and K = k((z)) be its field of fractions. The affine Grassmannian G G is the ind-scheme whose k-points are given by G(K)/G(O).
We will recall here some facts about affine Grassmannians mostly borrowed from [1, 2, 6, 12, 20, 17] where we refer the reader for many more details.
The coweight
It is well known that the G(O)-orbits on G G are indexed by dominant coweights. The notation:
It is well known that G λ ⊆ G µ if and only if λ ≤ µ, and that dim G λ = 2ρ, λ , where 2ρ is the sum of positive roots.
Let us consider the group ind-scheme
The following Lemma is well known.
is an open embedding and therefore isétale. This also proves (iii).
Proof. Since (L <0 G · λ) ∩ G µ is a transverse slice to G λ , and G µ is a normal variety [10, 16, 7, 13] , the variety (L <0 G · λ) ∩ G µ is also normal and irreducible.
2.2.4. We will need one more lemma on the k * -action. The group k * acts on G G by "loop rotations"
The following Lemma is lifted from [19] .
Lemma. We have: 2.3.2. Let g = Lie G be the Lie algebra of our group G. Let α max be the maximal root. It is well known thatα max is the short dominant coroot. Let v max ∈ g max be a highest weight vector. The conjugacy class O min = Ad G · v max is the minimal nilpotent orbit, and its closure
is called the minimal singularity of type g. We will also index the minimal singularities by the Dynkin diagrams corresponding to g and by small letters corresponding to capital letters indicating the type of g. For example the minimal singularity of sl 3 may be referred to as either
or minimal singularity of type a 2 . For many more details we refer the reader to [8, 9] .
2.3.3.
Minimal singularities and affine Grassmannians. Let λ = 0 andα max be the short dominant coroot. We are grateful to I. Mirković for explaining to us the following Lemma. There exists an isomorphism of algebraic varieties.
Proof. By the construction of [2, Page 182] the variety
is the disjoint union of 3 G-orbits, where P (O min ) ⊂ P (g) the the projectivization of O min . Now the variety (L <0 G · 0) ∩ Gα max is G-invariant, and therefore a union of G-orbits. Since P (O min ) is k * -invariant, closed, and separated from 0, by Lemma
The Levi Lemma

Let us consider two dominant coweights
is in the coroot lattice of M generated byα i for i ∈ I M and therefore
3.1.1. Since we consider M to be a subgroup of G, the group M (K) acts on the affine Grassmannian G G .
Lemma. There exists a natural ind-scheme isomorphism
this isomorphism restricts to the isomorphisms of varieties
3.1.2. We will need another
According to the lemma 2. 
According to the Lemma 2.2.4, k * -action retracts p to λ but this is impossible since p is in a closed and k
Thus we have a bijective map of normal varieties Y M → Y G and thus an isomorphism.
Corollary. [Levi Lemma] There exists an isomorphism of algebraic varieties
Proof. Follows from Lemma 3.1.1 and Lemma 3.1.2.
Minimal degenerations of coweights
4.1. We will say that a pair λ, µ ∈ Λ
G is such that λ ≤ν ≤ µ then eitherν = λ orν = µ. The pair λ, µ which is a minimal degeneration will be denoted as µ λ.
4.2. All minimal degenerations µ λ are classified by J. Stembridge. We will say that the support supp(µ − λ) of µ − λ is the Dynkin subdiagram involving all simple coroots appearing in the decomposition of µ − λ. It is obvious that for a minimal degeneration supp(µ − λ) is connected. Here is the Stembridge's list, see 
Proof. It is shown in [18] that (L <0 G · λ) ∩ G µ is isomorphic to a transverse slice to the subregular orbit in the nilpotent cone N ⊂ sl p+2 . The statement follows by a celebrated result of Brieskorn and Slodowy [21] . For p = 0 the lemma follows already from [14] .
The proof of Theorem A.
Theorem. Let λ, µ ∈ Λ + G be two dominant coweights, let λ = i∈I λ iωi , and let µ λ be a minimal degeneration. Then
In other words, we have a Kleinian singularity of type A λi+1 . 
i.e., we have the minimal singularity of type supp(µ − λ).
Proof. 6.1.1. Definition. We will say that a variety X is rationally smooth at the point x if the stalk of the intersection cohomology complex is 1-dimensional in degree (− dim X), i.e. IH x (X) = k[dim X]. We will say that X is rationally smooth if it is rationally smooth at every point, i.e IH(X) is the constant sheaf shifted by dim X.
6.1.2. By Lemma 2.2.3, if µ λ is a minimal degeneration, the variety (L <0 G · λ) ∩ G µ is smooth (and rationally smooth) at every point but λ. Let us denote:
where IH i (G µ ) is the i-th cohomology sheaf of the intersection cohomology complex of G µ and IH i λ (G µ ) is the stalk of IH i (G µ ) at the point λ ∈ G µ . We will also consider the Euler characteristic 
where e i 1 ≤ i ≤ n are the exponents for types ADE. The Euler char- Proof. First of all we apply the Levi Lemma (Corollary 3.1.2) to reduce the statements to the Levi subgroup associated to supp(µ − λ). Then the formulas are obtained by the application of the results of [15] such as the formula (6.1.3.1), and the direct calculations.
6.3. The quasi-minimal singularities.
6.3.1. Type ac n . Let us look again at the case 6.2.3. The singular variety (L <0 G · λ) ∩ G µ has dimension 2n, the same as the minimal singularity of type a n , and moreover, it follows from the Lemma that the polynomials m λ (µ, q) coincide in our case and the case of the minimal singularity of type a n :
We will call this singularity arising from the affine Grassmannian of type C n the quasi-minimal singularity of type ac n . Notice that according to Lemma 5.1.1 the singularity ac 1 is the Kleinian singularity of type A 2 .
6.3.2. Type ag 2 . Let us look again at the case 6.2.4. The singular variety (L <0 G · λ) ∩ G µ is 4-dimensional as is the minimal singularity of type a 2 and moreover, it follows from the Lemma that the polynomials m λ (µ, q) coincide in our case and the case of the minimal singularity of type a 2 :
We will call the singularity arising from the affine Grassmannian the quasi-minimal singularity of type ag 2 .
6.3.3. Type cg 2 . Let us look again at the case 6.2.5. The singular variety (L <0 G · λ) ∩ G µ is 4-dimensional as is the minimal singularity of type c 2 and moreover it follows from the Lemma that both our variety and the minimal singularity of type c 2 are rationally smooth (but not smooth, see Section 7). We will call the singularity arising from the affine Grassmannian the quasi-minimal singularity of type cg 2 .
7. Equivariant multiplicities in rank 2 7.1. In this section we will study the rank 2 situation in more detail. Namely, for a minimal degeneration µ λ the variety (L <0 G · λ) ∩ G µ is invariant under the action of torus T × k * and the point λ is fixed by this action. Here T is the maximal torus of G and k * acts by loop rotations. Thus the equivariant multiplicity e λ (µ) of the variety (L <0 G · λ) ∩ G µ at the point λ (i.e. the localization of the fundamental class in the (T × k * )−equivariant Chow group at the only fixed point λ) is defined, see e.g. [3] . Recall that e λ (µ) is a rational function on the Lie algebra of the torus T × k * . In this section we calculate e λ (µ) in all rank 2 cases when the codimension of degeneration is > 2.
Our calculation is performed as follows. Let Fl denote the affine flag variety of G and let π : Fl → G be the canonical projection. The map π is smooth with all of its fibers isomorphic to the finite dimensional flag variety G/B. Let G λ ⊂ G µ be a minimal degeneration. Then the singularity π −1 (G λ ) ⊂ π −1 (G µ ) is smoothly equivalent to the singularity G λ ⊂ G µ . Recall that the Schubert varieties in Fl are labeled by the elements of the (extended) affine Weyl group W af f . Let y ∈ W af f (respectively w ∈ W a ) label the open Schubert variety X y in G λ (respectively G µ ). A formula for calculation of the equivariant multiplicity e y X(w) is given in [3] and one deduces easily from this a formula for equivariant multiplicity e λ (µ) of the transversal slice, see [3, page 27] We perform our calculations using this formula and a computer. where S is a certain finite subset of the set of roots. We will see that Kumar's criterion and our calculations imply that in all cases considered in this section the varieties (L <0 G · λ) ∩ G µ are not smooth.
7.3. Notation. In our calculations below we denote the simple roots by α i , i = 0, 1, 2; the simple reflection corresponding to α i is denoted by s i ; s 0 always denotes the affine simple reflection.
7.4. Type A 2 .
7.4.1. The affine Weyl goup W af f (A 2 ) of type A 2 is described as follows
There is only one minimal degeneration: 
7.5. Type C 2 .
7.5.1. The affine Weyl group W af f (C 2 ) of type C 2 is described as follows
There are two minimal degenerations: The equivariant multiplicity: The equivariant multiplicity:
7.6. Type G 2 .
7.6.1. The affine Weyl group W af f (G 2 ) of type G 2 is described as follows
There are three minimal degenerations: The equivariant multiplicity: The equivariant multiplicity: (7.6.4.1) e λ (µ) = 27 (α 0 + α 1 )(α 0 + α 1 +3 α 2 )(2 α 0 +5 α 1 +6 α 2 )(2 α 0 +5 α 1 +9 α 2 ) 7.7. Quasi-minimal singularities revisited. Recall that the singularities a 2 , ac 2 , ag 2 , c 2 , cg 2 have codimension 4. Moreover one observes that the intersection cohomology of singularities of type a 2 , ac 2 , ag 2 (and, similarly, of c 2 and cg 2 ) are the same. We conjecture that all these singularities are pairwise smoothly non-equivalent. One verifies that the equivariant multiplicities e λ (µ) are pairwise distinct (up to linear changes of coordinates with rational coefficients). This implies that at least the singularities above are different as singularities with torus action.
Similarly, the singularities of types a n and ac n have the same codimensions and intersection cohomology but we conjecture that these singularities are not smoothly equivalent. In the case 4.2.5 the variety (L <0 G · λ) ∩ G µ is singular by the Kumar's criterion, see formula (7.6.4.1).
